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A. Beurling [2] $H^{2}(d\theta/2\pi)$ , $(1-\lambda \mathcal{Z})^{-1},$ $(|\lambda|\leq 1)$
. No $0$
. Fourier , $f\in\ell^{2}$ (No) ,




$f(s)= \sum_{n=1}^{\infty}\frac{a_{n}}{n^{s}}$ , $s=\sigma+it$ , (1.1)
. Dirichlet . $\sigma>\sigma_{0}$
. $a_{n}$ 1 Riemann
,
. .
$\underline{\infty}$ 1 – . 1 $\langle$ $\tau$
$\zeta(s)=\sum_{n=1}\overline{n^{s}}\perp=\prod_{p;prime}(1-)^{-}p\perp\overline{S}1$
, $\sigma>1$ ,
. – Euler . $\zeta(s)$ $s=1$
, $s=1$ 1 . $0<\sigma<1$
$\zeta(s)$ $\sigma=1/2$ , Riemann
. Riemann .
$\rho(x)=x-[x]$ $x\in \mathrm{R}$ . $C$
$f(x)= \sum_{\nu=1}^{n}c_{\nu}\rho(\frac{\theta_{\nu}}{x})$ , $0<\theta_{\nu}\leq 1$ , $l\text{ }=1,2,$ $\cdots,$ $n$ ,
$\sum_{\nu=1}c_{\nu\nu}\theta=0$
$f$ $L^{p}(0,1)$ .
1.1 (Beurling [3]). Riemann $\zeta(s)$ $\sigma>1/P,$ $1\leq P<\infty$ ,
$C$ $L^{p}(0,1)$ .
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, Hardy ([10: 10.2]) , $\zeta(s)$ $\sigma=1/2$
, $1\leq P\leq 2$ . , 1980
, Bercovici-Foias [1] , Nikolski [5]
$\zeta(s)$
. C Mellin (
$(0, \infty)$ Fourier ) Hardy $H^{p}(dt/\pi(1+t^{2}))$ ,
.
\S 2. Dirichlet Bohr .




, $t\in \mathrm{R}$ ,
.
$\{\lambda_{j}\}$ . $e^{i\lambda t}$
( ) von-Neumann
. ([4] ). $\lambda_{j}\geq 0$
$\mathrm{R}_{+}^{2}$ Bohr .
$\frac{1}{n^{s}}=\frac{1}{n^{\sigma}}e^{-it(\mathrm{l}\mathrm{g}n}\mathrm{o})$ , . $s=\sigma+it$
Dirichlet $f(s)$ $tarrow f(\sigma-it)$ .
$\Gamma$ $\mathrm{R}$ . $\Gamma$ $K$ $\sigma$
Haar . $\lambda\in\Gamma$ $K$ ( $K$ $\mathrm{T}$ )
, $\chi_{\lambda}(x)$ $\text{ }$ . $\mathrm{R}$ $\Gamma$ ,
. $f\in L^{1}(\sigma)$
$f(x) \sim\sum_{0\leq\lambda\in\Gamma}a_{\lambda}\chi_{\lambda}(X)$
Fourier . $L^{p}(\sigma),$ $1\leq P\leq\infty$ ,
$H^{p}(\sigma)$ $K$ Hardy . $A(K)$
, $A(K)$ $K$ Dirichlet $\sigma$ .
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$K$ . $t\in \mathrm{R}$ $\lambdaarrow e^{i\lambda t}$ $\Gamma$ .
$et\in K$ , $e_{t}(\lambda)=e^{i\lambda t},$ $\lambda\in\Gamma$ , . {et; $t\in \mathrm{R}$} $K$
. $K$ 1- $\{T_{t}\}_{t\in \mathrm{R}}$
$T_{t}x=x+e_{t}$ , $x\in K$,
$(K, \{T_{t}\}_{t\in \mathrm{R}})$ $\sigma$ –
. {et; $t\in \mathrm{R}$} .
t $x$ $x+t$ . , $f\in L^{p}(\sigma)$
, $a.e.x\in K$ , $tarrow f(x+t)\in H^{p}(dt/\pi(1+t^{2}))$ .
$H^{2}(\sigma)$ – .
2.1. $h$ $H^{2}(\sigma)$ , $\hat{h}(\sigma)\neq 0$ ,
$a.e$ . $x\in K$ $tarrow h(x+t)$ $H^{2}(dt/\pi(1+t^{2}))$ .
( ) $A(K)\cdot h$ $H^{2}(\sigma)$ , $g\in H^{2}(\sigma)$
$A(K)\cdot h$ . $tarrow\overline{g(x+t)}\cdot h(x+t)\in H^{2}(dt/\pi(1+t^{2}))$ ,
$tarrow h(x+t)$ $H^{2}(dt/\pi(1+t^{2}))$ .
,
$\log|h*P_{ir}(x)|<\int_{-\infty}^{\infty}\log|h(x+t)|P_{ir}(t)dt$ ,
, $P_{ir}(t)$ $ir$ Poisson




$H^{2}(\sigma)$ . ( )
$f\in C(K)$ Stone-Weierstrass – .
$f \sim\sum_{n}a_{n}\chi_{\lambda_{n}}$ $f$ Fourier . - $x\in K$ , $F_{x}(t)=f(x+e_{t})$
$F_{x}(t)$ (frequency) $\Gamma$ $\mathrm{R}$ (Bohr ) ,
$F_{x}(t)= \sum_{n}a_{\text{ }}x_{\lambda}n(X)e^{i}\lambda_{n}t$




$L^{p}(\sigma)$ , $\Gamma$ , $L^{2}(\sigma)$ Besicovitch
$K$ .
$\Gamma$ $\mathrm{R}$ , $K$ $\mathrm{T}$ $\mathrm{T}^{\omega}$
. Dirichlet , $\Gamma$ $K$ .
. $\mathrm{Z}^{\infty}$ $\mathrm{Z}$ ,
. $P$ , $\mathrm{Z}_{P}=\mathrm{Z}$
$\mathrm{Z}^{\infty}=\mathrm{Z}_{2}\oplus \mathrm{Z}_{3}\oplus \mathrm{Z}5^{\oplus}\ldots\oplus \mathrm{z}_{p}\oplus\cdots$ ,
. $\mathrm{Z}^{\infty}$ $\mathrm{R}$
$\tau(\{n_{p}\})=\sum_{p;\mathrm{P}^{\Gamma}ime}n_{\mathrm{p}}\log p$
, $\{n_{\mathrm{p}}\}\in \mathrm{Z}^{\infty}$ ,
, $\tau(\mathrm{Z}^{\infty})$ $\mathrm{R}$ $\Gamma=$ { $\log r$ ;\leftrightarrow } . $\Gamma$
$K$ $\langle\tau^{*}(X), \{n_{p}\}\rangle=\langle x, \tau(\{n_{p}\})\rangle$ $\tau^{*}$ $\mathrm{T}^{\omega}$
. $P$ , $\mathrm{T}_{p}=\mathrm{T}$
$\mathrm{T}^{\omega}=\mathrm{T}_{2^{\otimes}}\mathrm{T}3\otimes \mathrm{T}_{5}\otimes\cdots\otimes \mathrm{T}\otimes p\ldots$ ,
. $\mathrm{T}^{\omega}$ , $e_{t}(\log p)=e^{it\mathrm{l}\mathrm{g}p}\mathrm{o}$ ,
$T_{t}(\{e^{i\theta_{p}}\})=\{e^{i(t})\}\theta_{\mathrm{p}}+\log p$ , $\{e^{i\theta_{p}\omega}\}\in \mathrm{T}$ ,
. $\mathrm{T}^{\omega}$ Haar $\sigma_{P}$
$\sigma_{P}=p;pri\prod_{me}\frac{1}{2\pi}d\theta_{p}$
. $K$ $\mathrm{T}^{\omega}$ – .
\S 3. Riemann Euler Dirichlet .
(1.1) $\{a_{n}\}$ $a_{n}\cdot a_{m}=a_{mn}$ ,
$f(s)= \prod_{p;prime}(1-\frac{a_{p}}{p^{s}})-1$ , $\sigma>1$ (3.1)
50
Euler . $|a_{n}|=1$ $\zeta(s)$ , $\zeta(s)$
,













$= \sum\infty\frac{1}{n^{u}}$ . $\frac{1}{n^{-iz}}$ ,
. $n=1$
$z=is$ ( $90^{\mathrm{o}}$ ) $Z_{u}(e_{z})$ $\zeta(s+u)$
. $Z_{u}(x)$ $\zeta(s)$ $\mathrm{T}^{\omega}$ $zarrow Z_{u}(X+Z),$ $Imz>0$ ,
$\zeta(s)$ . $Imz>1/2$
$\mathrm{T}^{\omega}$ , $\zeta(s)$ –
.
3.1. $u>1/2$ . $Z_{u}(x)$ $H^{2}(\sigma_{P})$
.
( ) $\sigma>1$ $\mu(n)$ M\"obius ,
$\frac{1}{\zeta(s)}=\sum_{n=1}^{\infty}\frac{\mu(n)}{n^{s}}$ , (3.2)
51
, M\"obius $\mu(n)$ :
$\mu(n)=\{$
$(-1)^{\ovalbox{\tt\small REJECT}}$ ($n\delta\grave{\grave{>}}1\mathrm{H}\mathrm{E}f_{\mathit{1}}$ $k$ )
1 $(n=1\emptyset\ \doteqdot)$
$0$ $(Z:\emptyset f\{\Delta)$
$Z_{u}(x)^{-}1= \sum_{n=1}^{\infty}\frac{\mu(n)}{n^{u}}\cdot\chi\log n(_{X)},$ $x\in \mathrm{T}^{\omega}$ ,
, $Z_{u}(x)-1\in H^{2}(\sigma_{P})$ . $Z_{u}(x)\cdot z_{u}(X)-1=1$
$H^{\infty}(\sigma_{P})\cdot Zu(x)$ $H^{2}(\sigma_{P})$ . ( )
3.1 2.1 , $a.e.x\in \mathrm{T}^{\omega}$ $Zarrow Z_{u}(x+z)$





$= \sum_{n=1}^{\infty}\frac{1}{n^{u}}\cdot x_{\mathrm{l}\circ \mathrm{g}n}(X)\cdot e^{i})(\log nz$
$= \sum\infty\frac{a_{n}}{n^{u-iz}}$ ,
$n=1$
$a_{n}=\chi_{\log n}(x)$ . $\{a_{n}\}$ $|a_{\ovalbox{\tt\small REJECT}}|=1$
$a_{m}\cdot a_{n}=a_{m\ovalbox{\tt\small REJECT}}$ , $n=p_{1}^{b_{1}}\cdot p_{2}^{b_{2}}\cdots P_{l}^{b\iota}$ $n$ ,
$a_{n}=a_{p_{1}}^{b_{1}}\cdot a_{p_{2}^{2}}^{b}\cdots a_{\mathrm{P}}b_{l,l}$ (3.3)
. $x=\{a_{p}\}\in \mathrm{T}^{\infty}$ , (3.3) $\chi_{\log n}(x)$
. Euler Dirichlet ,
.








$|a_{p}|\leq 1$ , $Z_{u}(x)^{-}1$
. $\{a_{p}\}\in \mathrm{T}^{\omega}$ , (3.4)
$f$ 32 .
Dirichlet Hardy . $f(s)$ (1.1)
Dirichlet . – [9: 9.14]
$F( \lambda)=\cdot\cdot\sum_{\log n\leq\lambda}$ an
$F(\log n)=O(n^{u})$ , $\sigma>u$ .
33. $f(s),$ $s=\sigma+it$ , (1.1) Dirichlet , $\sigma>\sigma_{0}(\geq 0)$
. $2<$ H ,
$tarrow f(\sigma_{0}-it)$ $\in H^{r}(dt/\pi(1+t^{2}))$
, $f(s)$ $\sigma>$ \mbox{\boldmath $\sigma$}o+l/r .
( .) $2\leq q<r$ $q$ , $1/q+1/p=1$ $P$ .
$|\sigma+ib|^{p}=|\sigma+it|^{\frac{2\mathrm{p}}{r}}\cdot|\sigma+it|^{p(-\frac{2}{r}}1)$ ,
H\"older
$\int_{-\infty}^{\infty}|\frac{f(\sigma+it)}{\sigma+it}|^{p}\leq\{\int_{-\infty}^{\infty}\frac{|f(\sigma+it)|r}{|\sigma+it|^{2}}dt\}^{p/}r$ . $\{\int_{-\infty}^{\infty}|\sigma+it|-\frac{\mathrm{p}\langle r-2)}{r-p}dt\}\frac{r-\mathrm{p}}{r}$ ,
. $r>q=P/(p-1)$ , $p(r-2)/(r-_{P)}>1$ ,











Dirichlet $Z_{u}(x)\in H^{r}(\sigma_{P}),$ $r\geq 1$ ,
, Fubini , 32 .
34. 32 , (3.4) Dirichlet $\sigma>1/2$ .
32 34 .
(3.2) $\sigma>1/2$ Riemann Littlewood [10; 14.25]
34 . 32 $\mathrm{T}^{\omega}$
. $x_{n}arrow 0$ (3.4) $f_{n}(s)$
$narrow\infty$ $H^{q}(dt/\pi(1+t^{2}))$ $\zeta(s)$
.




(2) 3.2 , Euler , $\sigma>1/2$
.
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